In this work we study a class of secant-like iterations for solving nonlinear equations in Banach spaces. We consider a condition for divided differences which generalizes the usual ones, i.e., Lipschitz and Hölder continuous conditions. A semilocal convergence result is obtained for nondifferentiable operators. For that, we use a technique based on a new system of recurrence relations to obtain domains of existence and uniqueness of the solution. Finally, we apply our results to the numerical solution of several examples.  2002 Elsevier Science (USA). All rights reserved.
Introduction
Many scientific and engineering problems can be brought in the form of a nonlinear equation
where H is a nonlinear operator defined on a convex subset Ω of a Banach space X with values in a Banach space Y . Newton's method [6] is the most used iteration to solve (1) as a consequence of its computational efficiency, even though sometimes less speed of convergence is reached. But this method needs the existence of the first Frechet derivative of the operator H . If we are concerned with approximating a solution x * of the equation
where F, G : Ω ⊆ X → Y , F is a differentiable operator and G is a continuous operator but nondifferentiable, the Newton method cannot be applied. The study of this situation has been considered by several authors, for example, in [1] and [8] it is considered a modification of Newton's method given by
In [3] , the author considers the iteration
where A(x n ) denotes a linear operator which is an approximation of the Fréchet derivative of F evaluated at x = x n . There are several studies (see [2, 5, 7] ) where it is considered the secant method, i.e., A(x n ) = [x n−1 , x n ; H ] is, in (4), a first order divided difference of H on the points x n−1 , x n ∈ Ω. This method is defined as a iteration which uses new information at two points, therefore is a multipoint method [4] .
In the present paper, we propose the following uniparametric family of multipoint iterations:
which can be considered as a combination of the secant method (λ = 0) and Newton's one (λ = 1). We analyse, under mild assumptions, the semilocal convergence of (5) to a unique solution x * of (2).
To finish, we study two important applications. Firstly, we obtain a semilocal convergence result under mild conditions and we apply this result to a boundary value problem where the first order divided difference associated to its discretization is not Hölder continuous. Secondly, we consider a nondifferentiable system of nonlinear equations and compare (5) with (3) and (4).
Preliminaries
It is well known that the classical secant method is superlinear convergent with R-order (1 + √ 5 )/2 (see [5] ). The secant-like methods given in (5) can be considered as generalized secant method since they only use operator values. In the real case, for (5), it is clear that the closer x n and y n are, the higher the speed of the convergence is (see Fig. 1 ). Moreover, observe that (5) is reduced to the secant method if λ = 0 and to Newton's method if λ = 1, since x n = y n and [y n , x n ; H ] = H (x n ).
The use of the secant method is interesting since the calculation of the first derivative H is not required and the convergence of the successive substitutions method is improved, although it is slower than Newton's one. For this, we consider iteration (5), whose speed of convergence is closed to the one of Newton's method when λ is near 1. Now, we present some definitions and results that are necessary later. Let us denote by L(X, Y ) the space of bounded linear operators from X to Y . An operator [x, y; H ] ∈ L(X, Y ) is called a divided difference of first order for the operator H on the points x and y (x = y) if the following equality holds: 
We then denote F (·) ∈ H Ω (c, p).
Definition 2.2.
Let Ω be a convex open subset of X and we suppose that for each pair of distinct points x, y ∈ Ω, there exists a first order divided difference of F at these points. If there exists a nonnegative constant k such that
for all x, y, v, w ∈ Ω with x = y and v = w, we say that F has a Hölder continuous divided difference on Ω. If p = 1, we say that F has a Lipschitz continuous divided difference on Ω.
In the previous case, it is known [2] that the Fréchet derivative of F exists in Ω and satisfies
and
In this paper, we relax this requirement and we only assume that the divided difference [x, y; H ] satisfies
where ω : R + × R + → R + is a continuous nondecreasing function in their components.
In the following lemma we will prove that (9) satisfies (8) if ω(0, 0) = 0.
Lemma 2.3. Let Ω be a convex open subset of X and suppose that, for each pair of points x, y ∈ Ω, there exists a first order divided difference
[x, y; F ] ∈ L(X, Y ) satisfying (9) and ω(0, 0) = 0. Then (8) is true. Proof. Let {x n } ⊆ Ω be so that lim n→∞ x n = x. Let us consider A n = [x n , x; F ] ∈ L
(X, Y ) and it is verified that
Since {x n } is convergent, it is evident that {A n } is a Cauchy sequence, and therefore there exists
It is easy to see that condition (9) generalizes condition (7), by only considering
A semilocal convergence result
If the operator H is nondifferentiable, we cannot apply Newton's method to approximate the solutions of H (x) = 0. However, the last is possible if divided differences are used. Therefore, the condition ω(0, 0) = 0 will not required.
So, let us assume that
where ω : R + × R + → R + is a continuous nondecreasing function in its two arguments. Now we can already give a semilocal convergence result.
Theorem 3.1. Under conditions (I)-(IV), we assume that, for every pair of distinct points x, y ∈ Ω, there exists a first order divided difference [x, y; H ] ∈ L(X, Y ). We denote by m = max{βω((1 − λ)α, η), βω((1 − λ)η, η)} and assume that the equation
has at least one positive zero. Let R be the minimum positive one. If
and B(x 0 , R) ⊂ Ω, then the sequence {x n }, given by (5) , is well defined, remains in B(x 0 , R) and converges to the unique solution
Proof. To simplify the notation, we denote [y n , x n ; H ] = L n . Firstly, we prove, by mathematical induction, that the sequence given in (5) is well defined; namely, iterative procedure (5) makes sense if, at each step, the operator [y n , x n ; H ] is invertible and the point x n+1 lies in Ω.
From the initial hypotheses, it follows that x 1 is well defined and
Now, using (IV) and assuming that ω is nondecreasing, we obtain
and, by the Banach lemma, L −1 1 exists and
.
By (5) and (6), we get
Then, by (IV), we have
and, consequently, the iterate x 2 is well defined. Moreover,
On the other hand, if we take into account that R is a solution of (10), then
Then, by induction on n, the following items can be shown for n 1:
Assuming that the linear operators L j are invertible and x j +1 ∈ B(x 0 , R) ⊆ Ω for all j = 1, . . . , n − 1, we obtain
From the definition of the first divided difference and (5), we can obtain
Taking norms in the above equality and (IV), we obtain
Thus,
Consequently, from (10) and (ii), it follows
So, x n+1 ∈ B(x 0 , R) and the induction is complete. Secondly, we prove that {x n } is a Cauchy sequence. For k 1 we obtain
Therefore, {x n } is a Cauchy sequence and converges to x * ∈ B(x 0 , R). Finally, we see that x * is a zero of H . Since
and x n − x n−1 → 0 as n → ∞, we obtain H (x * ) = 0.
To show the uniqueness, we assume that there exists a second solution y * ∈ B(x 0 , R) and consider the operator A = [y * , 
Applications
We present two types of applications. The first one is theoretical and practical for differentiable operators, where it is proved the convergence for divided differences that are not Lipschitz and Hölder continuous. Moreover, this applications is not usually studied by other authors. The second one is practical for nondifferentiable operators and we compare the methods presented in the paper with other ones given by several authors.
In the first example a differentiable operator is considered, i.e., H = F , G(x) = 0. We remark that the semilocal convergence conditions required are mild.
Example 1
Now we apply the semilocal convergence result given above to the following boundary value problem:
To solve this problem by finite differences, we start drawing the usual grid line with the grid points t i = ih, where h = 1/n and n is an appropriate integer. Note that x 0 and x n are given by the boundary conditions, then x 0 = 0 = x n . We first approximate the second derivative x (t) by
Substituting this expression into the differential equation, we have the following system of nonlinear equations:
We therefore have an operator F :
Let x ∈ R n−1 and choose the norm
It is known (see [7] ) that F has a divided difference at the points x, y ∈ R n−1 , which is defined by the matrix, whose entries are
In this case, we have that 1, 2, . . ., n − 1), and taking into account the max-norm it follows
From (IV), we consider the function ω(
Now we apply the secant method to approximate the solution of F (x) = 0. If n = 10, then (12) gives nine equations. Since a solution of (11) would vanish at the end points and be positive in the interior, a reasonable choice of the initial approximation seems to be 10 sin πt. This approximation gives us the following vector y −1 : 
Choose y 0 by setting y 0 (t i ) = y −1 (t i ) − 10 −5 , i = 1, 2, . . . , 9, and using iteration (5) (λ = 0), after two iterations, we obtain y 1 and y 2 : 
Taking x −1 = y 1 and x 0 = y 2 , we obtain α = 0.201048, β = 15.319, η = 0.0346555. In this case, the solution of Eq. (10) given in Theorem 3.1 has a minimum positive solution R = 0.041100361. Besides, βω(α + R, R) = 0.14983 < 1 and R = 0.156808 < 1. Therefore, the hypotheses of Theorem 3.1 are fulfilled and a unique solution of Eq. (2) exists in B(x 0 , R) .
We obtain the vector x * as the solution of system (12), after nine iterations: Therefore the methods included in (5) improve the results given by other authors. Moreover, if the value of the parameter λ is increased, better approximations are obtained. 
